There are deep conceptual differences between the classical and quantum mechanical treatment of electromagnetic radiation processes. Nevertheless, it is possible to give a formally unified description of the spectral and angular distribution of radiation in both cases in terms of four-dimensional Fourier transforms of currents. We present parallel derivations of the basic radiation formulae utilizing classical electrodynamics as well as spinor quantum electrodynamics. In addition both derivations allow for the presence of a medium with an index of refraction. The practical application of these methods is illustrated by calculations of some specific radiation problems.
Introduction
In the treatment of electromagnetic radiation problems Fourier methods have been employed for many years, especially in electrical engineering applications, and also in more theoretically oriented approaches [1] [2] [3] [4] . They are also an integral part of quantum mechanical calculations [2, [5] [6] [7] [8] .
Frequently, only the spectral and angular distribution of radiation are of interest, and these specialized results can readily be obtained by covariant Fourier methods. Both in the classical as well as in the quantum mechanical case the characteristics of radiation are essentially determined by the four-dimensional Fourier transforms of currents. Of course, the underlying physical interpretations are quite different: in the classical case, the intensity spectrum corresponds to the Fourier resolution of a continuous energy flow, whereas in the quantum case the radiative power is associated with a stochastic photon flux. In the Fourier radiation expressions these distinctions appear in the construction of the currents: in the classical case, the Fourier transforms are computed using the ordinary electromagnetic currents. In the quantum case (say, for an electron described by the Dirac equation) the 4-Fourier transforms are constructed from the transition currents (the 'probability flux' from initial to final states), and then summed over all final states compatible with the conservation laws. This approach leads to clear-cut comparisons of the correspondence limit of classical and quantum mechanical calculations. For the sake of completeness it should be noted that the transition from classical to quantum mechanical descriptions of radiation processes has an extensive history. Prominent examples include the correspondence between the classical and quantum mechanical expressions for non-relativistic electric dipole radiation and the confluence of Compton and Thomson scattering in the low energy limit [30] [31] [32] [33] [34] .
To the extent that the covariant Fourier radiation formulae correspond to rearrangements of well known results in classical and quantum electrodynamics they do not add any basically new physical information. However, experience with practical calculations indicates that it is useful to develop a direct intuition for the behaviour of currents in four-dimensional k space. In particular, if we look ahead to the basic radiation expressions (2.26) and (3.20) it becomes apparent that radiation is essentially governed by an overlap integral of two form factors in k space: one form factor corresponds to the 'sources' or currents, and the other represents a 'sink', i.e. emission on the light cone. A more familiar and experimentally intuitive version of (1.1) occurs in the transfer of microwave power from one waveguide to another. In this situation it is well known that the optimum coupling is attained when the propagating modes of the source and sink circuits are matched, and this criterion is satisfied when there is a maximum overlap of the Fourier transforms of the modes [9, 10] . In section 2 we present detailed derivations of the classical Fourier expressions for the angular and spectral distribution of radiation. An index of refraction is carried along in the derivations to allow for the eventual inclusion of Cherenkov radiation and various synergetic processes such as Cherenkov transition radiation [11] and synchrotron Cherenkov radiation [12, 13] .
The quantum mechanical version of the theory is developed in section 3 in terms of the conventional S-matrix formulation of quantum electrodynamics in the bound interaction representation ('Furry picture'). We identify the matrix elements describing the lowest order perturbations due to the quantized radiation field and show that the usual quantum mechanical radiation formula can be expressed in the overlap form displayed in (1.1).
Finally, in section 4 some examples of both classical and quantum mechanical radiation processes are sketched (Cherenkov radiation, cyclotron emission), and also a brief discussion of 'radiationless modes' is appended.
Classical radiation formulae
In the electromagnetic problems under consideration we are primarily interested in the characteristics of the radiation field, the detailed nature of the near field being irrelevant. However, identifying the components of the radiation field in configuration space can be a tedious process; in contrast, covariant Fourier methods lead directly to the relevant properties. The correct asymptotic behaviour can be built in from the outset by choosing the appropriate Green functions for solving Maxwell's equations, and by Fourier-transforming to a space spanned by the wavevector k and the frequency ω: the computations are then automatically expressed in terms of the desired spectral and angular distributions.
We begin with the phenomenological Maxwell equations for a polarizable, permeable medium in the form
In a homogeneous isotropic medium the electric and magnetic field vectors are linked by the constitutive relations
where, as usual, the dielectric function and the magnetic permeability may be combined into an index of refraction
Maxwell's equations may be condensed by introducing scalar and vector potentials for the fields:
3)
The eight coupled partial differential equations in (2.1) can then be re-expressed in terms of four wave equations for the potentials: 4) provided the (generalized) Lorentz condition holds:
In addition, the source functions j and ρ are constrained by the charge conservation law, as expressed by the continuity equation
To implement our programme it is convenient to transcribe these basic equations of classical electromagnetism into covariant form. For this purpose we first need to introduce the metric tensor g µν = tr(1, −1, −1, −1) and a unit time-like vector which, in the rest frame of the medium, is defined to be [3] 
The charge and current densities, as well as the scalar and vector potentials, respectively, are then combined into the 4-vectors
whereas the field vectors become components of the electromagnetic field tensor
The continuity relation (2.6) is then equivalent to the vanishing of the 4-divergence of the current
Consequently the wave equations (2.4) can be expressed in the compact form
Here, and in the following, the dot denotes the 4-vector product with the metric indicated above. For completeness sake, the Lorentz condition (2.5) is now
In order to construct the appropriate solution of (2.11) for the radiation field, we first write down the general equation for the tensor Green function associated with (2.11):
In k space this is transformed into an algebraic equation for the 4-Fourier transform of the
By choosing the appropriate boundary conditions the retarded and advanced Green functions can now be defined. Then, with the help of these objects, 'in' and 'out' field solutions for (2.11) may be constructed; and, finally, the radiation field can be identified with their difference in the usual way [8] :
Here the remaining Green function D µν (x) is the difference between the retarded and advanced functions, and can be expressed in the form
where ε(x) = 2θ(x) − 1, with θ(x) being the unit step function. The delta function in (2.15) represents the modified light cone in k space, cf (2.13):
Inserting (2.15) into (2.14) and performing the spatial integration over y we arrive at the representation for the radiation field
involving the complex conjugate of the 4-Fourier transform of the (real) current j ν (x),
(2.18)
In k space, equation (2.17) is equivalent to a simple product of 4-Fourier transforms
with D µν (k) given by (2.13b). From (2.17) the electromagnetic field tensor of the radiation field can be constructed via (2.9) to yield
The rate of change of the energy-momentum 4-vector of the electromagnetic radiation field is given by [3] 
If we insert (2.20) into this expression, the remaining space-time integration reduces to another 4-Fourier transform of the current, and we arrive at
where we have used the 'transversality condition' derived from (2.10):
The final result for the total energy-momentum transfer to the radiation field can then be written in the compact form
where the quadratic current term is given by
By virtue of (2.23) this expression can also be recast into a form that involves solely the component of J that is perpendicular to k, i.e.
Using this form various textbook expressions can be recovered, e.g. as in [8, 14] . The zero component of (2.24a), cP 0 rad , now represents the total energy radiated during infinite time (the vector P rad being the corresponding momentum transfer). Due to the infinite integration interval, the (idealized) sources may, however, transfer an infinite amount of energy to the radiation field; the physically interesting quantity then is the bounded rate of energy transfer, i.e. the average radiated power. In order to compute this rate one usually employs the following procedure: the sources are switched on only during a finite time interval [−T /2, T /2], then the average radiated power, in analogy to (2.21) , is given by 25) provided the limit exists. In practical applications it often turns out that the Fourier transform of the current involves a δ function in frequency ω = ck 0 (see section 4 for examples); then, forming the square of the Fourier-transformed current according to (2.24b) immediately leads to infinite (or, rather, not well defined) expressions. Such a square of δ functions can, however, be eliminated in the usual way in accordance with the previously mentioned steps [15] , yielding the final expression for the radiated power:
where [ J C ] 2 denotes the expression (2.24b) modified now according to the procedure indicated above:
(2.26b) With this power one can then associate a differential spectral intensity I (ω, ) by means of 27) and this is the quantity most frequently used in practical applications. In experimental situations involving photon detectors, I (ω, )/hω represents an emission probability. The correspondence of this spectral function with quantum mechanics is discussed in detail in the next section.
Quantum mechanical radiation formulae
As is well known, the emission of a real photon by a free electron (or positron) is forbidden by energy and momentum conservation in first-order perturbation theory in QED. Therefore either the photon has to be off-shell (either virtual or propagating in a medium with an index of refraction) and/or the electron has to be bound by an external field. In our derivation for the quantum mechanical radiation formula we thus start with the S-matrix in the bound interaction representation ('Furry picture') [15] for the electron-positron field (x) in interaction with an external field A ext µ (x) and the radiation field A µ (x):
with
For the field operator and its conjugate¯ we have the decomposition into annihilation and creation operators: 
The radiation field operator A µ (x) will be considered to represent photons propagating in an ambient medium with an index of refraction n r = √ εµ (compare section 2), so that we obtain the following decomposition into photon creation (A 
where again, as in section 2,
The operators a (λ) and a †(λ) obey the generalized commutation relations
The polarization vectors ε (λ) µ are orthogonal to k µ and satisfy the modified completeness relation
These expressions bear some resemblance to those for a massive vector field [8] . Now the matrix element (in first order of a perturbation expansion in the radiation field) for an electron undergoing a transition from an initial state α (momentum p) to a final state β (momentum p ) with the emission of a photon of momentum k and polarization λ is
where
The various field operators act on the 'in'-states according to (−) (x) 
We recognize that the integral in this expression is the four-dimensional Fourier transform of the (conserved) transition current between the states α and β:
In accordance with our definition of the four-dimensional Fourier transform 12) it is apparent that it is actually the conjugate current J † βα which enters into (3.10):
Since the wavefunctions ψ α± (x) are usually represented as energy eigenfunctions (and may even be simultaneously eigenfunctions of one or more components of the momentum, depending on the symmetry of the problem under consideration) the Fourier transform of the transition current includes at least one δ-function for energy conservation (and occasionally other ones for conservation of momentum components). In forming the square of the matrix element (3.13)-necessary for obtaining transition probabilities, etc-squares of δ-functions would occur which, however, are to be eliminated by the usual procedure (see, e.g., [15] ), leading to physically meaningful quantities such as transition rates (transition probabilities per unit time and/or spatial intervals) and power spectra. Taking this into account, we now write the Fourier transform of the transition current in the form
where the index m denotes the number of the energy and momentum conservation relations and the transition matrix element of (3.13) is modified accordingly:
The transition rate for the emission of a photon by an electron then is given by
where the summation/integration sign in front denotes a summation and/or integration over the final states β and an appropriate averaging over the initial states α of the electron; the corresponding operations for the photon are shown explicitly. By inserting (3.13), with the modifications indicated in (3.14a) and (3.14b), into (3.15) we obtain 16) with the abbreviation
With the help of (3.6) we can then rewrite (3.17) in the form 18) which shows that the quantity [ J Q ] 2 is indeed the quantum mechanical analogue of the classical expression (2.26b).
The power (rate of energy) radiated away by the electron can easily be obtained as the expectation value of the photon energyhω =hck 0 . With the notation 19) we get as the final expression for the radiated power 20) in formal concordance with the classical result (2.26). Thus we have established a formally unified description of radiation processes both within the classical and quantum mechanical context, the difference lying in the definition of the relevant current-either a classical conserved current (2.8a) or a quantum mechanical current representing transitions between electron states (3.11) . At this point it should be stressed again that the correspondence in the structure of the radiation expressions is at the formal and conceptual level: there is, of course, no implication that the results of any specific classical or quantum mechanical computation of a particular radiation process are 'unified' to the extent that they necessarily yield identical results. The derivation in this section also complements the exposition of the interaction of a quantized radiation field with classical sources in the textbook of Itzykson and Zuber [8] , leading to the emission and absorption of photons by a classical conserved current.
Examples of radiation problems
We finally want to illustrate the practical application of the results presented in the previous sections. Although there exist many interesting radiation problems that have been treated by these powerful methods, for the sake of brevity we have to restrict the discussion to conceptually simple and short calculations. Thus we explicitly compute the spectral intensity first for classical Cherenkov radiation, and then present the equivalent quantum mechanical derivation. Cyclotron emission in intense magnetic fields is another straightforward illustration for the quantum mechanical radiation formula. As an addendum, we derive criteria for the existence of so-called radiationless modes or 'dark currents'.
Classical Cherenkov radiation
To begin with, we model classical Cherenkov radiation by considering the emission of radiation from a point charge e, moving with constant velocity v through a transparent medium with an index of refraction n r . The 4-current (2.8a) then is given by
where the reduced velocity components are given by β µ = (1, β = v/c). Although this quantity by itself is not a genuine 4-vector, its combination with the δ-function has the effect of making the total current (4.1) transform like a 4-vector. The corresponding 4-Fourier transform (2.8) then is
which exhibits the singular form indicated at the end of section 2, because v has been assumed to be constant throughout all time. Inserting this expression into (2.26b), and replacing the square of the δ-function by the appropriate limit, we obtain
We can thus express the average power (2.26) in the form
where, by virtue of (2.16), we have replaced the light-cone δ-function by δ(n r k 0 − |k|)/(2n r k 0 ). The integral in (4.4) is evidently of the same type as displayed in (1.1): in this example the overlap (i.e. convolution) nature of the integrals is easy to visualize because radiation will occur only if the source cone δ(k 0 − k · v/c) is coincident with the light cone δ(n r k 0 − |k|). In order to evaluate (4.4) it is convenient to orient the coordinate axes in k space so that v points along the k 3 axis, hence k · v = ckβ cos θ , where θ is the azimuthal angle. Among the four-fold integrations in (4.4) we first perform those over the polar angle and the absolute value of k = |k| to get
Next, it is convenient to shift to a frequency scale, ω = ck 0 , so that the average power is given by
With the help of (2.27) this can be related to the radiation spectrum:
Comparing (4.6) with (4.7) we finally obtain the differential power density
with the usual definition of the Cherenkov cone
All the standard results concerning Cherenkov radiation, including the threshold criterion n r β 1, are contained in this expression. In particular, if we integrate over the (singular) angular distribution, we find that the intensity above the threshold is given by
where α = e 2 /(4πhc) is the fine structure constant, and the factorh has been inserted to emphasize that the dimensions of I CC (ω) correspond to an energy per unit time and frequency interval, as required by (4.7). The present derivation is an alternative to an earlier 'source theoretical' computation [13] . Extensions of this approach to related physical situations can be found, e.g. in [11] [12] [13] [16] [17] [18] .
'Quantum' Cherenkov radiation
In the quantum mechanical calculation of Cherenkov radiation we mainly concentrate on the quantum corrections to the classical results. Here the physical situation is described by a transition of a free electron with 4-momentum p µ = (E/c, p) and spin s to another free state with momentum p µ = (E /c, p ) and spin s , together with the emission of a photon of 4-momentumhk µ = (hω/c,hk). Thus the electron wavefunctions are simply solutions of the free Dirac equation: 10) where N is a suitable normalization factor. The Fourier-transformed current (3.12) then is
from which we can easily read off the relevant current J µ αβ as defined in (3.14a). For the computation of [J Q ] 2 of (3.18) we have to integrate over the final 3-momentum p , sum over the final spin s and average over the initial spin s; this leads to the expressions
The spin summation can be performed to yield
(4.13)
If we now take into account the 4-momentum conservation implied by the δ-function, we can reduce this expression further to obtain
. (4.14)
As in the classical case we have chosen the initial momentum p to be in the k 3 direction and have put c|p| = Eβ. In comparing (4.14) with (4.3) we immediately recognize that the quantum corrections to the square of the Fourier current are of the orderhω/E, a consequence of the overall conservation of the 4-momentum, which was not taken into account in the classical case since the velocity of the electron was considered to be constant. We note in passing that the distinctions between the classical and quantum mechanical treatment of radiation damping also originate from disparate idealizations concerning the role of conservation laws. In a similar way the remaining δ-function for energy conservation can be transformed into a δ-function for the angular integration since
where the quantum mechanical Cherenkov cone is given by, cf (4.8b),
These results indicate that for weak magnetic fields the radiated power decreases with increasing quantum number n of the initial Landau level, whereas in strong magnetic fields the radiated power becomes independent of the particular initial level. Another result is that the simple form for the 'effective' emitted photon energy: 20) interpolates quite accurately between these two limiting cases. Absorption from the ground state may be treated in a completely analogous way [22] . The emission of radiation by a charged particle is, of course, usually associated with a loss of energy by the particle. However, if the particle has the possibility of coupling to excited states, as in the case of the Landau levels (4.17), then under certain kinematical circumstances the emission of radiation can induce simultaneous transitions upward into excited states-so in a certain sense the particle is 'pumped' into a level with a higher quantum number. This feature has been discussed in detail for the case of relativistic electrons moving in a tenuous medium parallel to an external magnetic field [23] . As a result, a significant suppression of the radiation (as compared with pure Cherenkov radiation) has been found, even for weak magnetic fields. This simple example is representative of a wealth of synergic radiation processes discussed in [11] [12] [13] .
Radiationless modes
Radiationless modes occur in many practical applications where it is necessary to minimize or suppress the emission of radiation. The most familiar examples include cable TV networks and antenna feed-line systems. Ultra-directive antenna arrays also depend on radiationless modes for their operation: in these devices the current feeds and radiating elements are arranged so that the Poynting vector falls off more rapidly than 1/r 2 in all directions except for the desired emission lobes.
From our approach it is immediately apparent that a sufficient condition for a source to be radiationless is that the 'length' of the 4-Fourier transform of the current vanish on the (possibly modified) light cone; specifically and this compact criterion includes all previous characterizations of radiationless modes, see, e.g., [24] [25] [26] . In general the above condition can be met only for extended sources: the charge density then is characterized by a form factor and the radiationless mode condition (4.22) implies that the 3-Fourier transform of this charge form factor must vanish on the light cone. This can be satisfied by sources with special symmetries-such as the radial pulsations of a spherical charge ('breathing' modes [27] ) or the TE modes of spherical resonators [28] . Another example is provided by considering the suppression of Cherenkov radiation from high energy electron beams. In contrast to Cherenkov emission from a single point charge, in coherent emission from high energy electron beams the periodicity of the beam structure introduces a harmonic component in the spectrum and thus allows for the suppression of higher harmonics. Another means for quenching radiation in this situation depends on the angular constraints for the emission of Cherenkov radiation [29] : specifically, if the individual beam bunches are not spherically symmetric it is also possible to satisfy the decoupling criterion (4.22).
